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1> , Abstract 

o 

CN| ■ We analyze the properties of nonclassical number states, specifically squeezed number states 

D{a)S{z)\n), and find their maximum signal-to-quantum noise ratio. It is shown that the 
optimal signal-to-quantum noise ratio for these states decreases as l/{2n + 1)^, where n is the 

C^ ' photon number, from the optimal value as derived by Yuen. 
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1 Introduction 



There has been a great deal of interest recently in nonclassical number states of the electromagnetic 

field. In addition to the unusual physical properties they possess ||l]]-[|l there is the hope that in the 

• I— I not too distant future these number states can be observed 0-[0] and, if experimentally generated, 

rS ] lead to significant improvement in optical system performance. In his classic paper of 1976, Yuen 

C3 ' proved the following important result: 

• for an arbitrary quantum state of radiation with frequency u, the optimum signal-to-quantum 
noise ratio p for fixed energy (or power per unit frequency ) huNg has the value 4Ns{Ns + 1). 

• he additionally showed that this optimal value was attainable by the squeezed coherent vac- 
uum. 

This result, which is both elementary - in that it depends only on the basic postulates of quantum 
mechanics, and general - in that it applies both to states and density functions, has recently been 
extended to the case of deformed photons p. The question naturally arises as to what extent 
the optimal value must be modified for other conventional photon states. In our paper we derive 
the optimum signal-to-quantum noise ratios for nonclassical number states, in particular squeezed 
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number states. These may be taken as a paradigm for the squeezing of an imperfect vacuum; that 
is, when there are a small number of photons present, we find for photon number n, the ratio p for 
squeezed number states decreases sharply - as l/(2n + 1)^ - from Yuen's result 4Ns{Ns + 1), which 
is only attainable for the usual coherent squeezed state. 

2 Coherent Number states and Squeezed Number states 

In this section we summarize some properties of coherent number states and squeezed number states 
necessary in caculating the signal-to-quantum noise ratio. Coherent number states are defined by 

\a,n >= D{a)\n > (1) 

where D{a) is the displacement operator [|10|, given by 

D(a) = exp(aa' — a*a) (2) 

For n = 0, the coherent number state \a,n > reduces to the usual coherent state D{a)\0 >. The 
displacement operator produces the transformations 



D\a)aD{a) = a + a D\a)a^D{a) = a^ + a* (3) 

Quadrature operators are defined as usual by 

X = i=(a + at) P = -l=(a-at). (4) 

With the use of Equations (0) - (H) , we easily obtain the following mean values in the state \a,n >: 

(X) = ^(« + «*) 

(P) = ^("-"*) (5) 

(AX)^ = li2n + l) 

iAP)l = ^(2n + l) 

where (AX)^ = (X^) - (X)^, (AP)^ = (P^) - {P)\ 
Squeezed number states [Q are defined by 

\z,a,n >= D{a)S{z)\n > (6) 

where S{z) is the squeezing operator, given by 

S{z) = exp[-(2;a^^ — z*a'^)], z = rexp(i0) (7) 



Note that this 2-paranieter operator is not the most general squeezing operator, which is a 3- 
parameter element of the group SU(1,1). D{a) is the displacement operator of Eq. (0). For n = 
the squeezed number states \z,a,n > reduce to the more familiar squeezed states D{a)S{z)\0 >. 
The unitary transformation of the operators a and a^ by S{z) and S^{z) is given by [ p!0|] : 

S\z)aS{z) = Aa + /ia^ 
S\z)a^S{z) = Xa^ + fi*a (8) 



where we have put 



A = coshr, /i = exp{i(f)) sinhr 



So, with the use of Equations (§) -@ and @ -(§) we can obtain the following mean values in the 



state \z, a,n >: 



(A^) = |A|2n+|/i|2(n + l) + |a|2 
(X) = ^(« + «*) 

{AX)l = i|A + /.p(2n + l) 



3 The Signal-to-Quantum Noise Ratio p 

The signal-to- quantum noise ratio pi> in the state | > is defined by 



(AX) 
So for the coherent number state \a,n >, we have 



P\> = T^ (10) 



P, -^i^^ ill) 

2n + 1 

and for the squeezed number state \z,a,n >, we have 

|A + fi\^{2n + 1) 
Note that X^ + P^ = 2N + 1, so that (X^) + (P^) = ^2X + 1), whence 

(X)2 + (AX)2 + (P)2 + (AP)2 = (2X + 1). (13) 



Under the energy (or power per unit frequency) constraint |§] 

huj{N) < hooNs 

the signal-to-quantum noise ratio can be maximised by using all the available energy and allocating 
no energy to (P); that is 

{N) = N,, (P) = 0. (14) 



The expression Eq. ( p!OD becomes 



{2Ns + 1) - {Axy - {Apy 

P\> = ^^p ■ (15) 



Using the uncertainty relation 

(AX)^(AP)^> 



(AX)2(AP)2> l(2n + l)2 (16) 



we can optimize Eq. ([I5| ) in terms of (AX)^ alone: 



{ 2Ns + 1) _ _ (n + ^^^ 

(AX)2 {Axy 






We thus find that the maximum value is given by 



4(iVs - n) 

P\a,n>max r\ , i \^") 



for the coherent number state \a,n> with a = a/X^ — n , and 



4(iV,-n)(iV, + l+n) 
(in + 1)"^ 



obtained with the squeezed number state \z,a,n > with 



a 



{N, - n){Ns + I + n) 
\ (2iVs + 1) 



A = ^ ^- + ^ + " (20) 

'{2Ns + l){2n + l) 



n-N, 



'{2N, + l)i2n + l) 
For the case where n = in Eqs. (|18]) and (|T9|) , one finds the same result as Yuen 



4 Discussion 

From Eqs-d^) and (H), we obtain 
for coherent number states and 



{^X)l{^P)l = \{2n + lf (21) 



{/\X)l{^P)l = \\X' - ^^\\2n+lf (22) 

for squeezed number states. So we obtain in both cases 

{^X)l{^P)l > {AX)l{AP)l = \ 

This means that the number states are not ordinary minimum uncertainty states except for n = 0. 
For Eqs. ( pA]) and (p!^), we also have 

P\a,n> < P\a> 
P\z,a,n> ^ P\z,a> 

for given complex values of a and z. From Equation ([19|) we obtain 

P|z,a,n>max _ (A^6 -^)(iVs + 1 + n) _ 1 n(n + 1) 

P|.,a>„^ax ~ iV.(iV. + l)(2n + l)2 ~ (2n + l)2^ iV,(iV, + l)J ^ ^ 

This ratio is plotted in Fig.l. We can see that in terms of the photon number n, the ratio decreases 
as (2n+i)2 (fo^ ^^y ^s » n), whence a slight deviation from a squeezed coherent vacuum results 
in large diminution of the optimal signal-to-quantum noise ratio p„. 

We note that for the states S{z)\n > (c.f. [jl]] and 0]), which are obtained by letting « = in Eqs. 
(^ and (^, the optimal ratio is ps{z)\n> = 0. Therefore as far as the signal-to-noise properties are 
concerned, the states of the form S{z)\n > may lead to bad optical system performance. 
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